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The fundamental laws of physics are invariant 

under rotations. How can non-spherical things (e.g. 

eggs, grains of rice, chopsticks) exist? 

1.! Non-spherical things have a ground state 

with nonzero spin and spin projection. 

2.! The non-spherical things are not in their 

ground states. 

3.! Macroscopic things, even in their ground 

states, do not need to be invariant under 

rotations. 
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Spontaneous symmetry breaking 

Def.: Spontaneous symmetry breaking happens when an arbitrarily small 

external perturbation yields a ground state that breaks the symmetry.  

A1:   E = !2/(2mL2) " 10-70 Joule     

Q2: What is the excitation energy for rotational motion of a macroscopic object in 

this room? 

A2:   E = !2 J(J+1)/(2mR2) " 10-64 Joule 

Consequence: Superpositions of practically degenerate states with different 

angular momentum J will yield a deformed ground state because of 
spontaneous symmetry breaking. 

Consequence: Superpositions of practically degenerate plane wave states of 

the center-of-mass will yield a localized ground state that spontaneously breaks 
translation invariance. 

Comment: Strictly speaking, this can only happen in a macroscopic system. 

Q1: Consider a macroscopic object in quantum mechanics. What is the 

excitation energy for horizontal motion of a macroscopic object in this room? 



Nambu-Goldstone modes are low-lying excitations in the 

presence of spontaneous symmetry breaking 

15 



16 

Picture: www-llb.cea.fr 

Spontaneous symmetry breaking of rotational 

symmetry: ferromagnet 

•! Axially symmetric ground state breaks SO(3) rotational symmetry.  

•! Nambu-Goldstone modes generate local (i.e. position and time 

dependent) rotations of the spins. 

•! exp(-i !x(x,y,z,t) Jx -i !y(x,y,z,t) Jy) with Nambu-Goldstone fields (!x, 

!y) and angular momentum operators (Jx,Jy) 

•! Spin waves (or magnons) are low-energy excitations with long wave 

length 

  !         !  !  !        !  !        !         !        ! 



Spontaneous breaking of translational symmetry: 

crystal 
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Source: wikipedia (Florian Marquard) 

•! Crystal lattice breaks translational symmetry.  

•! Nambu-Goldstone modes generate local (i.e. position and time dependent) 

translations of the lattice points (ions). 

•! exp(-i !x(x,y,z,t) Px - i !y(x,y,z,t) Py - i !z(x,y,z,t) Pz) with Nambu-

Goldstone fields (!x, !y, !z) and momentum operators (Px, Py, Pz) 

•! Phonons are low-energy excitations (wave length # much larger than lattice 

spacing) 



Atomic nuclei are (small) finite systems.  

There can not be spontaneous symmetry breaking 

•! In infinite deformed systems, different orientations 

correspond to inequivalent Hilbert spaces. 

•! The overlap between states in inequivalent Hilbert spaces is 

zero. 

•! Rotations of the whole system are not considered. 

•! Such rotations are “zero modes”: “Nambu-Goldstone” 

modes that depend only on time but not on position. 

•! In finite systems, states corresponding to different 

orientations have finite overlap. 

•! Nevertheless, in systems with “emergent symmetry 

breaking” exhibit low-lying excitations. 

•! Quantized rotations (“zero modes”) are the low lying 

excitations.   



Spectra of two heavy nuclei 

Rotor: Separation of scale:  $ << %     “vibrational” exitations 

“almost” spontaneously broken rotational symmetry 

$ 

% 
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2.! There is no spontaneous symmetry breaking in finite systems, and 

there are no deformed nuclei. States of atomic nuclei have good 

spin, and thus cannot be deformed. 
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What do we mean by (intrinsically) “deformed” nuclei? 

1.! Nuclei with much enhanced strength in electric quadrupole transitions 

and (if they are even-Z, even-N) low-lying 2+ states. 

2.! Nuclei that exhibit rotational bands and a separation of scale ($ << %) 

that reflects the precursors of spontaneous symmetry breaking in a 

finite system. 

3.! Mean-field computations of such nuclei would yield a deformed 

density of the single-particle ground state. 

4.! Intrinsic deformation: In the co-rotating (body-fixed) coordinate 
system, the nucleus is deformed  

5.! All of the above. 
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Effective field theory 

Q: How can we economically solve a physical problem (by employing 

appropriate degrees of freedom)? 

A: Exploit a separation of scales. 

Examples:  

1.! Multipole expansion for the electromagnetic field.  

 Q: Why does it work?  
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Q: How can we economically solve a physical problem (by employing 

appropriate degrees of freedom)? 

A: Exploit a separation of scales. 

Examples:  

1.! Multipole expansion for the electromagnetic field.  

 Q: Why does it work?  

A: Distance from charge distribution  >>  extension of charge distribution 

2.  Quantum chemistry employs the Coulomb potential and not QED 

 Q: Why does it work? 

3.  Nuclei are described in terms of protons and neutrons and not via quarks and 

gluons 

 Q: Why does it work? 

A: e+ e- pair production threshold (~ 1MeV)  >>  chemical bonds ( ~ eV) 

A: Excitation of nucleon (~300 MeV) >> excitation energies of nuclei (~ 1MeV)  
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Effective field theory 



Intrinsic deformation of atomic nuclei 

Rotors:      E(4+)/E(2+) = 10/3 

Vibrators: E(4+)/E(2+) = 2 
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Effective 

theory! 

Atomic nuclei with intrinsic deformation 
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Construction of an EFT 

1.! Identify the relevant degrees of freedom for the resolution scale of interest 

2.! Identify the relevant symmetries of low-energy nuclear physics and 

investigate if and how they are broken 

3.! Construct the most general Lagrangian consistent with those symmetries 

and the symmetry breaking. 

4.! Design an organizational scheme (power counting) that can distinguish 
between more and less important contributions 

Useful references:  

S. Weinberg, The Quantum Theory of Fields, Vol.II, chap. 19 

H. Leutwyler, Phys. Rev. D 49 (1994) 3033, arXiv:hep-ph/9311264 

C. P. Burgess, Physics Reports 330 (2000) 193 



172Yb 

Red:  E(4+)/E(2+) = 10/3 

Yellow:  E(4+)/E(2+) = 2 

Data is needed for the construction of an effective theory 



1. Identify relevant degrees of freedom 
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1. Identify relevant degrees of freedom 
Q: What field would be able to reproduce spins and parities of low-lying states? 

Quadrupole degrees of freedom describe spins and parity of low-energy spectra 
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2. Identify relevant symmetries and symmetry breaking 
Q: What are the symmetries, and are they spontaneously broken? 

$ 

% 

Symmetry: Rotational invariance 

Very low-energy (Nambu-Goldstone) modes precursors of  spontaneous symmetry breaking  

Separation of scale:  $ << % 



Rotational symmetry   "  Axial symmetry 

 SO(3)    "        SO(2) 
 3 generators   1 generator 

There will be 3-1=2 Nambu-Goldstone bosons 

P. van Isacker 2008 

Nambu-Goldstone modes parameterize the coset SO(3)/SO(2) ~ S2, i.e. the 

two-sphere: [Weinberg 1967; Coleman, Callan, Wess & Zumino 1969; H. 
Leutwyler, Phys. Rev. D 49 (1994) 3033, arXiv:hep-ph/9311264 

3. Construct the most general Hamiltonian consistent 

with the symmetry and the symmetry breaking  



Parameters of the sphere: coordinates ! and &  

velocity (“lives” in tangent plane): 

velocity components 

Question: How do the velocity 

components transform under a 
rotation? 

Question: How does the vector 

n(!,&) transform under a rotation? 



Transformation properties under rotations 

Rotations do this 

Change of vector n (in tangent plane!) 

Result: 



Transformation of velocity components under rotations 

Key result: velocity components v& and v! transform as x- and y-

components of a vector under SO(2) rotations, albeit with a complicated 
angle ' 

"!“Nonlinear realization” of rotational symmetry 

Simplest invariant: 

Question: I thought rotations do not commute, but the law above appears 

as axial symmetry [i. e. SO(2)] and not as from SO(3) 

with 



Physics of Nambu-Goldstone modes 

Rotational bands are quantized Nambu-Goldstone modes 

(Superposition of differently oriented deformed nuclei). 
Low-energy constant C0 is moment of inertia and fit to data. 

Lagrangian 

Hamiltonian 

Quantization 

Spectrum 



Let us first understand dimensional analysis 

1.! Low-energy scale is $ 

2.! Leading-order Lagrangian                                        must scale as: L~$ 

3.! Energy-time uncertainty implies (!=1): dt ~ $  

4.! Thus C0 ~ 1/$ 

4. Power counting and next-to-leading order 
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Next-to-leading order term (scalar in NG modes that we can write down) 

L = (C2/4) (                        )2    

Q2: What is the dimension of C2 in powers of energy? 

Let us first understand dimensional analysis 

1.! Low-energy scale is $ 

2.! Leading-order Lagrangian                                        must scale as: L~$ 

3.! Energy-time uncertainty implies (!=1): dt ~ $  

4.! Thus C0 ~ 1/$ 

Next-to-leading order term (scalar in NG modes that we can write down) 

L = (C2/4) (                        )2  ~ $ ($/%)2  << $  

A2: It must have dimensions of energy-3  (We have two energy scales $ << %) 

A2: C2/C0 ~ energy-2 and is due to omitted physics at a high-energy scale % 

       Thus: C2/C0 ~ %-2  assuming naturalness 

Q2: How should the term C2 scale precisely? A2: $-3,  $-2%-1, $-1%-2 , %-3 … ?      

4. Power counting and next-to-leading order 
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Spectrum:              J(J+1)/(2C0) – (J(J+1))2 (C2/4C0
4) 

"!Bohr & Mottelson (of course!)  

Lagrangian at next-to-leading 

L = (C0/2)  

   + (C2/4) (                        )2 
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4. Power counting and next-to-leading order 

Spectrum:              J(J+1)/(2C0) – (J(J+1))2 (C2/4C0
4) 

"!Bohr & Mottelson (of course!)  

Lagrangian at next-to-leading 

L = (C0/2)  

   + (C2/4) (                        )2 

Q: When does the effective theory break down? How large can J be? 

A1:  energy correction << leading-order energy: C2/C0
3 J(J+1) << 1 

A2:  Thus: J << %/$    



172Yb: Relative error in LO and NLO  

Small parameter: $/% " 79/1049 " 1/13 



What about higher derivatives? 

Vector in tangent plane 

Its time derivative… 

… does not “live” in the tangent plane! # 

Question: What does one do in this situation? 



What about higher derivatives? 

Vector in tangent plane 

Its time derivative… 

Question: What does one do in this situation? 

Answer: Introduce a “covariant” derivative (projection of derivative onto 

tangent plane)! 

… does not “live” in the tangent plane! # 



Odd-mass nuclei 

Question: What’s the key difference between 172Yb and 173Yb? 

Answer: 

1.! We have to explicitly account for the odd neutron and add it as a degree 
of freedom (e.g. particle-rotor model) 

2.! At low energies, no one knows about the odd neutron, and we shall not 
add it. 
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Odd-mass nuclei 

Question: What’s the key difference between 172Yb and 173Yb? 

Answer: 

1.! We have to explicitly account for the odd neutron and add it as a degree 
of freedom (e.g. particle-rotor model) 

2.! At low energies, no one knows about the odd neutron, and we shall not 
add it. ! 

Question: Apart from the odd neutron, what’s the key difference between 
172Yb and 173Yb? 

Answer: 173Yb has a finite spin in its ground state. This breaks time 

reversal invariance and first-order derivatives enter the Lagrangian. 
Technically, we can add a monopole magnetic field inside the sphere. 



Nuclei with finite ground-state spins: Wess Zumino terms 

Lagrangian 

Hamiltonian 

Eigenvalues and eigenfunctions (Identify q with ground-state spin!) 

(Wigner D functions) 

Notation on this 

slide: 



173Yb: Relative error in LO and NLO  

Small parameter: $/% " 79/350 " 1/4.5 



Summary 

•! Description of nuclear deformation within an effective theory 

•! Model-independent approach, treats odd-mass and even-even 

nuclei on equal footing 

•! Power counting: vibrational excitations >> rotational excitations 
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Combination of no-core shell model and the resonating group method   

Accurate nuclear Hamiltonian, consistent cluster wave functions 

Correct asymptotic expansion, Pauli principle and translational invariance 
[Slide courtesy of P. Navratil] 
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Spectra and shell evolution in Calcium isotopes !

"#! $%&!'&()*+,-.!/-&!

(0+*1()!2345!6.)!75!

8161(8!*.!29:6!8((.!

61!;<=>?!

4#! <.@(&8*-.!-/!A34B!

6.)!234B!8161(8!*.!

.(%1&-.!&*+C!

+6D+*%E!*8-1-'(8!

9#! F6&E-.*+!

-8+*DD61-&!G*@(8!1C(!

.6H@(!8C(DD!E-)(D!

-&)(&!

:-.,.%%E!+-%'D*.G!+&%+*6D!/-&!D(@(D!-&)(&*.G!!

;<=>?!!

Measurement at RIKEN 

[Steppenbeck et al., J. Phys. G 
2013; Nature 502, 207 (2013);]  

confirms our prediction.  
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Computing the nuclear mass table: density 
functional theory 

Thomas Papenbrock 

and 

Aim of this lecture: 

Introduction to nuclear mean-field methods 

13th CNS Summer School 

August 21–27, 2014  at Tokyo University, Wako Campus 



Bottom-up approach to nuclear structure 

Figure from A. Richter (2004) 

DFT 

Shell model 

Ab-initio 

Interactions 

EFT 

QCD 



Methods (th)at work 

Ab-initio calculations for 
lighter nuclei. 

Shell model for selected regions 
and weakly-bound nuclei 

Nuclear density-functional theory 
for the entire nuclear chart! 



Nobel Prize in chemistry 1998 

Two quotes from Kohn’s Nobel lecture: Walter Kohn 

"for his development of 
the density-functional 

theory"  



Theoretical basis: Hohenberg-Kohn theorem (1964) 

 Map from ground-state wave function to density 

 Map from density to set of all corresponding wave functions 

 Energy functional: energy is minimum in this set 

 Ground-state energy from minimization of the functional 

Density-functional theory (DFT) 



Density-functional theory 
Alternative view: Energy functional is a Legendre transform (Lieb, 1983) 

 Find ground-state energy for all external potentials (this is a functional) 

 Perform functional Legendre transform 

1.! Compute density as functional derivative 

2.! Inversion: Find potential in terms of density 

3.! Construct Legendre transform  

This path of construction can actually be followed for dilute Fermi gases 

[Puglia et al (2003)], the pairing Hamiltonian [TP, Bhattacharyya (2007)], or the 

Lipkin model [Bertolli, TP (2008)]. 



Example: Energy of a non-interacting fermions 
(Thomas-Fermi approximation) 

energy functional  

kinetic energy density  
(Thomas-Fermi approximation)  

external potential 

Note: Hohenberg-Kohn DFT not a practical (i.e. accurate) tool  

•! Local approximations of the density functional are too inaccurate 

•! Problem is particular with the kinetic energy density 



Systematic construction of density functional for 
dilute Fermi gas 

Dilute Fermi gas: 

All parameters of the potential (scattering length, effective range, …) much 
smaller than the Fermi wave length (or average two-particle distance) ! small 
expansion parameter exist, namely kFa. 

Use EFT to systematically construct energy density functional in terms of these 
small parameters. 

This systematic approach gives valuable insights into the construction of density 
functionals. However, it is at present limited to “solvable” Hamiltonians. 

See, e.g.,   R. J. Furnstahl and H.-W. Hammer, Annals Phys. 302 (2002) 206.       

 S. J. Puglia et al, Nucl.Phys. A723 (2003) 145.    

Contributions from interaction 



Kohn-Sham DFT [W. Kohn & L. Sham, Phys. Rev. 140 (1965) A1133] 

•! Kohn-Sham: The form of the density functional is  

•! Kohn-Sham equations: dE[!] = 0 

•! Remarks: Single-particle Schrödinger equation has to be solved. 

•! For nuclei, one uses the local density approximation (LDA), and 
gradient corrections. 



Idea behind Kohn-Sham DFT 

Ground state density of 
interacting fermions in external 
harmonic trap. 

Turn off the interaction, but change 
external potential such that the 
density remains that of the 
interacting system. The additional 
potential is the Kohn-Sham potential. 

Picture from R. Furnstahl: http://trshare.triumf.ca/~schwenk/ECT/furnstahl1.pdf 



Nuclear DFT 

Problem: Local density approximation not accurate (e.g. pairing would require highly 
nonlocal functional) 

Approach: Include anomalous pairing densities and work with quasi-particle states 

1.! Add sources to the Hamiltonian 

2.! Perform Legendre transform with respect to all sources  



Practical approach: Skyrme Hartree Fock theory 

Refs.: T.H.R. Skyrme, Phil. Mag. 1 (1956) 1043; D. Vautherin and D. M. Brink, PRC 5 (1972) 626; 
J. W. Negele and D. Vautherin, PRC 5 (1972) 1472; Bogner and Furnstahl (2006) 

Main idea: Use mean-field Hamiltonian that depends on densities and 
currents, and solve self-consistently. 

. 



Functional or Hamiltonian? 

In modern parlance, one speaks of nuclear energy density 
functionals and not of density-dependent Hamiltonians.  

1.! This is just modern vocabulary 

2.! This is of a correct expression because there are no 
density-dependent Hamiltonians (Hamiltonians depend on 
field operators in general, but not on densities) 



Functional or Hamiltonian? 

In modern parlance, one speaks of nuclear energy density 
functionals and not of density-dependent Hamiltonians.  

1.! This is just modern vocabulary 

2.! This is of a correct expression because there are no 
density-dependent Hamiltonians (Hamiltonians depend on 
field operators in general, but not on densities) ! 



Which symmetries does the mean-field break? 

1.! … 

2.! … 

3.! … 

4. … 



Which symmetries does the mean-field break? 

1.! Translation invariance 

2.! Rotation invariance (deformation) 

3.! Particle number conservation (pairing) 

4. Isospin invariance (deformation in isospin 
space; worth considering close to N=Z 
line) 

The “best” mean-field theory allows for all symmetries to be broken. 



Reminder: Symmetry-breaking in mean-field theories  

•! HF states usually break symmetries, e.g., translational invariance 
and rotational invariance. 

•! HFB quasi-particle states do not exhibit a definite number of 
particles (breaking of U(1) gauge symmetry). 

Question: Is the symmetry breaking in HF(B) a feature or a nuisance? 

Answer: 

1.! It’s a feature because it displays the most relevant properties 
of the ground state (e.g. deformation, pairing) 

2.! It’s a nuisance because nuclei have definite spin and particle 
numbers, and the symmetry-breaking solutions miss these 
points.  



Reminder: Symmetry-breaking in mean-field theories  

•! HF states usually break symmetries, e.g., translational invariance 
and rotational invariance. 

•! HFB quasi-particle states do not exhibit a definite number of 
particles (breaking of U(1) gauge symmetry). 

Question: Is the symmetry breaking in HF(B) a feature or a nuisance? 

Answer: 

1.! It’s a feature because it displays the most relevant properties 
of the ground state (e.g. deformation, pairing) ! 

2.! It’s a nuisance because nuclei have definite spin and particle 
numbers, and the symmetry-breaking solutions miss these 
points.  

However: Symmetry restoration becomes an important (and not yet fully solved) problem 



Summary: Symmetry-breaking in mean-field theories  

•! HF states usually break symmetries, e.g., translational invariance 
and rotational invariance. 

•! HFB quasi-particle states do not exhibit a definite number of 
particles (breaking of U(1) gauge symmetry). 

•! The breaking of symmetry is desired, as it allows the single-particle 
state to capture relevant correlations.  

•! Restoration of symmetries becomes an important issue.  

Publicly available program 

HFODD  

J. Dobaczewski et al, Computer Physics Communications 167 (2005) 214 

http://www.fuw.edu.pl/~dobaczew/hfodd/hfodd.html 



Skyrme functionals, example: UNEDF0 
Kortelainen, Lesinski, Moré, Nazarewicz, Sarich, Schunck, Stoitsov, Wild, Phys. Rev. C 82, 024313 

(2010) 

•! Energy functional based on Skyrme SLy4 parametrization  

•! usual kinetic part (with 1/A mass shift); interaction:  
•! interaction energy functional (with isospin labels): 13 parameters  

•! Pairing part depends on local pairing density: 2 parameters 



UNEDF0 functional 

•! Pairing parameters from 
odd-even staggering 
(OES); Lipkin-Nagomi for 
particle number 
projections 

•! Optimization employs 
POUNDerS [Practical 
Optimization Using No 
Derivatives (of Squares)] 

•! (pseudo) observables: 
nuclear matter 
properties, binding 
energies, radii, OES of 
44 well-deformed even-
even nuclei and 28 
spherical nuclei  

Kortelainen, Lesinski, Moré, Nazarewicz, Sarich, Schunck, Stoitsov, Wild, Phys. Rev. C 82, 
024313 (2010) 



Sensitivity analysis exhibits correlations of the model 

! Sensitivity of parameters to changes 
in mass, proton radius, odd-even 
staggering [Kortelainen et al (2010)] 

Correlation of observables 
within the model "  
[Nazarewicz & Reinhard (2010)] 



Dipole polarizability and neutron skin  

Correlations between 
observables based on an 
ensemble of ~18 functionals 

Tamii et al., Phys. Rev. Lett. 107, 062502 (2011); 
Piekarewicz et al., Phys. Rev. C 85, 041302 
(2012) 



Strong correlations between neutron skins 
in different nuclei 

J. Piekarewicz et al., Phys. Rev. C 85, 041302(R) (2012) 
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How many atomic nuclei exist? 

Skyrme-DFT: 6,900±500syst Literature: 5,000-12,000 

288 
~3,000 

!"#$"%$&%'#()%*'&+"$%,-.)%/01%230435%%

Models: SLy4, Svmin,UNEDF0, UNEDF1, FRDM and HFB-21 
•! Systematic errors (due to incorrect assumptions/poor modeling) 
•! Statistical errors (optimization and numerical errors) 



Separation energies illustrate challenges 

!"#$"%$&%'#()%*'&+"$%,-.)%/01%230435%%



How many nuclei can be 
produced? 

Asymptotic freedom ? 

from B. Sherrill 

!"#$

"%&'$

()**+,-$



http://computingnuclei.org/ 

•! 15 institutions 
•! ~60 researchers 

•!physics 
•!computer science 
•!applied mathematics 

•! foreign collaborators 
•! annual budget M$2+ 
•! 5 years 



Theoretical improvements of the energy functional: 
density-matrix expansion using soft interactions 

Stoitsov et al., Phys. Rev. C 82, 054307 (2010) 

Basic idea:  
Vautherin & Negele (1972) 

See also: Holt, Kaiser & Weise; Gebremariam, Duguet & Bogner; …  



Summary 

Self-consistent mean-field models 

•! Theoretical foundation within Kohn-Sham DFT. 

•! Applicable across nuclear chart. 

•! Phenomenological approach; fit to data. 

•! Yield impressive results (given their simplicity) in regions that 
entered the fit. 

•! Form of functional needs improvement to cover drip line physics 

•! Future theoretical and experimental advances for neutron-rich nuclei 
necessary. 



Outlook 

Enthusiastic and lively field 

Moving towards a unified description of all atomic nuclei 

Plenty of opportunities and challenges 


