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Energy Scales in Nuclear Physics

N QCD scale _
pion w*
. ~140 MeV
1000 MeV

. PiOon-mass scale
deuteron

- ~3 ME‘V

100 MeV

_ _ N-binding scale £
collective ~1 MeV

J. Dobaczewski, 3rd RIA Summer School




The Nuclear Many-Body Problem
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Hartree Fock
(a brief summary)

A.Two-body (density-dependent) interaction
(or the energy density functional)

]>E0

C. Trial wave functions: particle-number conserving
product states

|q,> ﬁa+| Y el = e, )a)

2 i D'D=DD" =1

[ known basis (e.g., h.o. basis)

..or one can explicitly use the Thouless theorem:

: > ‘Z> exp(z o ah)ala2

-

)

~
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[ Density matrix: ]

A
pij = (1P|C;CI|W> = 2 DiaDj'a
a=1

Tr(p)=A; p’=p=p1-p)=0

Eigenvalues of p
are the occupation
quantum numbers:

lfora<A
o = Ofora>A

Consider a small variation dp:

N A\2 A A
(0+80) =p+p
= popp =0
dp has only matrix

elements in the
ph channel!

>

occupied empty
(holes) (particles)
0 _
0 1
0
10
0 1

A A+1




E,.(p) =Tr(tp) + £ TrTr(povp)

OE,, = EHF(ﬁ +616) - EHF(ﬁA)) =0

O, = ) hyop, =0, h, = O (P) _ t, +T,
ij

\‘\ 6p ji

h=0 in the
ph channel!

HF hamiltonian does not couple particle and hole states!

[Self consistent HF fleld

/I];ear'r'angemen‘r

5v .

Lo= ) VPy + potential (results
kl 5[) r from the density

dependence of v)




Hartree-Fock equations

[n.p]=[t+T(p).p]=0= Y i,(D.D")D,, =¢,D,
J
p and h can be Non-linear Hermitian
diagonalized eigenvalue problem
simultaneously

Deformed shell Absent in the deformed
model energy shell model




Hartree Fock stability condition

HF minimum should correspond to the positive second derivative
of the energy.

p=p"+p" 4?4 . (p(o) >> p 5> pl? 5> )

PP =p )

_ [[ 0,09 p<o>] N %[[ o%,0%] pm]

This implies that independent variations are only in the ph channel
(pp and hh matrix elements of p® and p( vanish)

E=E9+EV 4+ E® 4

E® =Tr(Tp") + %Tr(F(O) p'”)

R S
R O

+%Tr(p(l)[[h(0 0]+ [t p<o>],p<o>])

EY =0
£ _ %(pu)‘M(o)‘p(l)) -0

M9 p = [[h(o), p(l)] + [F(l), p(o>], p(o)] The HF stability matrix
(must be positively defined)



Relativistic mean field theory

RMF: Walecka, Ann. Phys. 83 (1974) 491

L =ﬂ7[iy ‘9, - M]w +%d,00"0 - U(0) - g, Pyo
-1 H, H" +3m,0 0" - g,y po"

-3G,G" +3m, plp™ - g Py T Yp"

T G2, . )y

1y - SU(2) baryon field of mass M, o,w H,pl‘j - mesonic fields with masses m_,m_,m p

A, - photon field, H .G, .F, - field tensors for the vector fields

8,+8,8, - meson - NN coupling constants

U(o)=im’o’ +£g,0° + Lg,0" - nonlinear (NL) o - potential.
The stationary Dirac equation for baryons
|~ici -V + M (7) + V() 9, () = e (F)

- - - - - 1- -
M (7)= M+ g,0(). V()= g,0°(F)+ 8,00 (F) + == A"(F)

The spatial currents vanish if spherical symmetry imposed.
Charge conservation guarantees that only the third component
of p survives. The mesonic field are found by solving the Klein-
Gordon equations. The photon field is found by solving the
Poisson equation. For example:

(Casm)o’() =g,0u(r) pulr) = ST w, )

i=1




Constrained Hartree-Fock

Often, we are interested not only in the local HF minima
but also in the whole potential energy surface (PES)

6<‘P‘ﬁ |\If> =0 ata fixed value of ¢

=
>
=

e Y.
5 ‘I‘HII’> _0

_dE

dq

q ¢ Collective
coordinate

.1 Several ways of solving the CHF equations

(linear constraint, quadratic constraint, gradient method)
d Usually: many-dimensional surfaces
. Static picture - fluctuations are not included!




Self-consistent HF symmetries

A,8]-0=sT[p]s" - 1[sps"]
= SH[ps* = H Sps™]

It ,(A)(l.) has a certain symmetry then

f)(m) has the same symmetry.

m Tf a certain symmetry for the solution is expected, one can start
with an initial density which has this symmetry

m Tf one starts with a certain symmetry, one will always stay
within this symmetry (if the deepest minimum is deformed, one
will never get to it starting with a spherically symmetric density
matrix)

m The above discussion can be generalized to density dependent
interactions satisfying the condition:

sv[p]s = v[sps]




If there is a solution with a (spontaneously) broken

symmetry S... . R
SPS™ =p £ p

=

U

() = Sh(p)s*
U
()51 ] = 8| n(p).A]S™ =0

..then every transformed (rotated) state is also a solution
of the HF equations!

Goldstone Theorem

b, =Spst ) M9 =0

If a symmetry is broken, there appears a zero-energy mode
(Goldstone bosonl)



Nuclear deformation:
—— spontaneous symmetry breaking —

Molecular physics: Jahn-Teller effect 1937

Any configuration of atoms or ions (except a

linear chain) can develop a stable symmetry-

breaking deformation provided the coupling
between degenerate electronic excitations and
collective molecular vibrations is strong.

Nuclear physics: Bohr-Mottelson 1952-53

Any nuclear configuration can develop a stable
symmetry-breaking deformation provided the
coupling between degenerate single-nucleonic
excitations and collective nuclear modes is
strong.

The unified model. Particle vibration coupling

Vi = k()Y @, %, () o
Au Q"O Oﬁ




Symmetry breaking

0 o 1=x(0)
E
wrpp>0 ©Orpa -
Imag.
|
Vibrator Soft Rotor
(weak (interm. (strong
coupling) coupling) coupling)

) 7 |
No phase Band structures
transition labelled by

in the finite different q.n.
system! of the internally

broken symmetries
[#.8]=0 but|A.5]=0

deformed
' intrinsic
system!

K K
“exact” mean field




‘Nuclear' deformations, examplesl

Jdlsoscalar shape deformations

I 2 Even-L |2 (K) - brOken
I3 A"-L |2, T - brOken

.JdIsovector shape deformations
w L=1 (intrinsic dipole moments)
| =2 K=1 (scissors modes)

JPair deformations
I 2 J:O, T=1 N = br0ken
Il 2 J=1 ; T:O T, N - brOken

J10dd-T modes, spin modes
s orientation angles




Laboratory frame and intrinsic frame

2K2-1(1+1)
Q= (I+1)(21+3) Q

| MEASURED | ﬁ | INTRINSIC |

RELATIVE
MOTION

Q=0 for I=K=0, independently of Q, !

(¥, |D|W,)=0 but (L|D|L)=0
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S. Cwiok, P.H. Heenen, W. Nazarewicz



Protoon Number
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M. Bender et al., to be published



Independent quasiparticle approach

OC]: = ukC,: — V. Cr Bogoliubov-
Valatin
—~ ~ alg = ukcl; + V¢, Transformation
N> /

phase convention: u; = u, > 0,

D)

{ak,aj} =0, {ak*,aj*} =0,

«o,
C

|O> = |BCS> = 1_[ (uk + VkC,:C,; )l _> BCS wave function is

k>0 the quasiparticle
vacuum!
,[0)=0
+ 1 +\"
0) o exp(A”)-) = Y a(A")|-)
n=0 BCS function is a
1 superposition of
AT = _kcl: C% different number of pairs

=0 Vi

[d Important ground-state correlations are included
1 BCS wave function does not have a sharp particle
number (an intrinsic wave function!)




Hartree-Fock-Bogoliubov

A. Two-body (density-dependent) interaction:

H = Et c C; + U,dc c iCICh
ijkl

B. Variational principle:

(|A]w)
SElW]|=0; HW¥]= o

]>Eo

C. Trial wave functions: product states ‘

+ + eneral Bogoliubov
= U,C +V, C-) 9 i
Pr E( iK™ ik transformation

l

|‘P>= E[ﬁKl_); ﬁKllP) =

HFB wave function

O HFB - quasiparticles incorporated is the quasuparticle
into the HF formalism vacuum

1 HFB wave function - the most general
product wave function consisting of independently
moving quasiparticles (in HF: particles)

A Selfconsistent description of coupling between p-h
an p-p channels




HFB - density matrix and pairing tensor

HFB density matrix

HFB pairing tensor

o

A

0

A + A AN AN
- p0=-KK' , pPK=Kp

pzj = <‘P|C]-'I-Ci

<

* T
Vv

9
AN

A

w), K = (\P|cj(;l,|\ll>

* T

K=vlUu

Generalized
density matrix

Eigenvalues are 0 or 1 (thus
defining occupations of

quasiparticle states)

I/—\I(C+,C)=> ﬁ(ﬁ+aﬁ) =k, + If]zo + IA_IM + IA{int

Independent quasiparticle
|A.N]=0. but [A,,.N]=0
However, we require that <N > -N=H'=

Quasiparticle

Hamiltonian (Hyeg) interaction

A A

H - AN




HFB equations

e - A A
= A A~ HFB Hamiltonian
-N -h +A
hl,j = tij + I‘Z_j HF Hamiltonian
I = E Viik Pri Selfconsistent HF field
T
A=+ VN7V, K Selfconsistent pair field
ij 2 ijkl™ ki
T

h-A A Uy Uy
A ik = EK =
— ~h +A)\vg Vi Complicated

eigenvalue problem

[ HFB equations treat p-h and p-p on the same footing

[d Ais a state-dependent field. In general, it depends on
density and has a kinetic term

(d The generalized density matrix and the HFB Hamiltonian
can be diagonalized simultaneously

1 Fermi level determined from the particle number
equation

A Often it is convenien to express the HFB equations
in the canonical basis




MEAN-FIELD APPROACH

Towards Nuclear Energy Density Functional

0.10r
_ - 1OOS

nl i

0.05-

0.00-
R (fm)

(@

Modern Mean-Field Theory = Energy Density Functional
<> —= —= —= —=

p’ 1:, J! j! T! s! F!

+ pairing densities!

Hohenberg-Kohn
Kohn-Sham
Negele-Vautherin
Landau-Migdal
Nilsson-Strutinsky

mean field = one-body densities

zero range = local densities

finite range = non-local densities

flllll\




1.

What are the main goals
we want to achieve?

Find a universal energy density functional
which correctly describes:

a)

b)
c)
d)
e)
f)

static ground-state properties of all bound
nuclei,

infinite nuclear and neutron matter,
rotational properties,

low-energy vibrations,

small-amplitude vibrations,

large-amplitude adiabatic properties (fission),

Find limits of applicability of the energy density
functional approach:

a)
b)
c)
d)
e)

explicit symmetry restoration,

configuration mixing,

two-body effects and correlations,

non-local effects,

energy, density, spin, isospin, and mass limits,

Find derivation and/or motivation from first
principles.



Thomas Fermi Energy Density Functional
(early atomic applications)

The ground state energy of electrons is given by the energy density functional:

Ere[p(F)] = T [ (7)) + Ec[p(F)]

. hz 2/3 5/3 kinetic energy of
1 [ p( r )] ( ) f P d’r hon-interacting

2m 5 electron gas
2\ 43 : :
fp(l’)d r=n particle-number constraint
2

3 3

Ec|p()]= [ J p(F)o(F) = d’rd’r
\ -7
— electrostatic (Coulomb)
+ EC,nucl[lO(r)] energy

* Instead of the many-body wave function described by (3+1)n variables,
one focuses on the one-body density, which is a function of (x,y,z)

+ Describes bulk effects (shell effects ignored)

+ Exchange-correlation energy is ignored

+ Can be extended in ferms of a systematic semiclassical 7 expansion of
the Bloch density matrix (Wigner-Kirkwood expansion), see Brack and
Bhaduri, "Semiclassical Physics" (Addison-Wesley Publ.), 1997



Density Functional Theory

(infroduced for many-electron systems)

The Hohenberg-Kohn theorem states that the ground state electron density
minimizes the energy functional:

F[o()]= FoP)] + J 97 Vo (Pl

an universal
functional

P. Hohenberg and W. Kohn, "Inhomogeneous Electron Gas”,
Phys. Rev. 136, B864 (1964)
M. Levy, Proc. Natl. Acad. Sci (USA) 76, 6062 (1979)

The original HK proof applies to systems with nondegenerate ground states.
It proceeds by reductio ad absurdum, using the variational principle. A more
general proof was given by Levy.

« Assume that another functional F’with the ground state W' gives rise to the
same density p

* Unless F'-F=const, ¥'=W since they satisfy different Schroedinger
equations.

E'=(WHW) < (YHW=E+F][ o o o o
E = (W]H|W) < (W|HW) = E'+F[p E

» Thus Fis (within a constant) a unique func‘rlonal of p

» The minimum value of Eis the ground state electronic energy

> Since F is a unique functional of the charge density, the energy is
uniquely defined by p

» Electron density is the fundamental variable

» Calculations based on DFT are restricted to systems in their ground
state

» proof of the Hohenberg-Kohn theorem is not constructive, hence the
form of the universal functional Fis not known



Since the density can unambiguously specify the potential, then contained within
the charge density is the total information about the ground state of the
system. Thus what was a 4N(3N)-variable problem (where N is the number of
electrons, each one having three Cartesian variables and electron spin) is
reduced to the four (three) variables needed to define the charge density at a

point.

The density determined via the variational equation

%(F)[E[p(?)] —uf d'rp(F)] =0

exchange
correlation
i energy
FoP]=T[o)]+ L [ pEWalolF)]d'r+ E.[o(7)]
kinetic energy Hartree
density potential

> T, represents that part of kinetic energy which corresponds to a system
of independent particles with density p.

> The Hartree potential V,, is found self-consistently

» The exchange correlation energy contains the exchange part of the
energy, plus all the contributions due to the correlations, coming from
the fact that the exact wave function is not a Slater determinant. In
particular, correlations coming from the total kinetic energy enter this
term.

> T is not known explicitly for many-fermion systems. One can
approximate it with the ETF expression, but the semiclassical functional
cannot describe quantum shell effects!



Density Functional Theory

Kohn-Sham equations

W. Kohn and L.J. Sham, "Self-Consistent Equations Including Exchange
and Correlation Effects,” Phys. Rev. 140, A1133 (1965)

2
3
d’r

o)== S, [0,

* Takes into account shell effects
- The link between T and p is indirect, via the orbitals ¢
* The occupations n determine the electronic configuration

Orbitals ¢ form a complete set. The occupations n are given by the

Pauli principle (e.g., n=2 or 0). The variation of the functional can be done
through variations of individual s.p. trial functions with a constrtaint on
their norms. It almost looks like HF, but (W|H|W) is replaced by E[p].

{f + VKS(?)}qﬁl(?) = El(,bl(?) Kohn-Sham equation

Ves(F) = Vi p(F)]+ V[ o(F)]  Kohn-Sham potential (ocall

has to be

ch[p(?)] = 2 E (p) < evaluated

approximately




Local Density Approximation (LDA) for the exchange+correlation
potential:

* One performs many-body calculations for an infinite system with a
constant density p

* The resulting energy per particle is used to extract the xc-part of the
energy, e, (p), which is a function of p

* The LDA of a finite system with variable density p(r) consists in
assuming the local xc-density to be that of the corresponding infinite
system with density p =p(r):

E.>[p]= [ o(Fle.[o(F)]d’r

* The formalism can be extended to take spin degrees of freedom, by
introducing spin-up and spin-down densities (‘Local Spin Density’
formalism, LSD or LSDA)

In regions where the charge density is slowly varying, the exchange
correlation energy at that point can be considered the same as that
for a locally uniform electron gas of the same charge density.
Interestingly, the LDA even works reasonably well in systems where
the charge density is rapidly varying. In order to move beyond the
LDA, the addition of gradient corrections to incorporate longer range
gradient effects is necessary.

The LDA is often used in nuclear physics (Brueckner et al., Negele). It
states that the G-matrix at any place in a finite nucleus is the same as
that for nuclear matter at the same density, so that locally one can
calculate 6-matrix as in nuclear matter calculation.



The exchange+correlation potential
(an example)

y(l + ﬁl\/?s + [521’3)_1 for r, =1

e)CC
B+(A+Cr)lnr, + Dr, for r,<1
(4 1/3
Iy = 3 Wigner-Seitz radius

The parameters in the above expression depend on the spin polarization;
they are obtained by means of extrapolation between calculated values
for fully-polarized and non-polarized cases. Calculations were carried out
using the quantum Monte Carlo method. (See, e.g., J. P. Perdew and A.
Zunger, Phys. Rev. B 23 , 5048 (1981).)

6 :
* EXX(C) 5
" 0°FE
L B = —V >
N, v Vo
L\ .
o A
L= ¥ ‘ AN
| Exp. |
0O Z O H v ZzZ o v
< o < 0
< ® = ?ﬁ

The calculated bulk moduli (from

The calculated minimum energy http://www.physics.ohio-
conformation of acetylcholine showing state.edu/~aulbur/dft/bdft5.html)

electron density isosurface (from
http://www.tcm.phy.cam.ac.uk/~mds21/report/node30.html)



Nuclear Densities as Composite Fields

Let us first consider unpaired systems. The basic building blocks of the
nuclear energy density functional are densities and currents. Let us

denote: X =(7,0,7)
The single-particle density matrix:

X 1P> = Enkq);: (X", (x) natural orbitals

- _{[poo(;’?')aoa‘ + SOO(?’;:') "Oso ]6‘[‘5' isoscalar

—» - g | . - .
+ E Pm r, r Tt Sla(l’,l”) Os6 ](TT'T)(Z} iIsovector

Oo"o' _< ‘O‘ >’ T‘L’"L’ = <T“T‘ T>
Often, one can consider pure neutron and proton states. In such a case,
only a=0 components of the isovector densities contribute and the second
index can be disregarded. This gives the following local densities and

currents: matter
pO( ) ,O0 r, r Ep r OT; rO"L’) isoscalar (T=0) density (po =p, + pp)

Pl(?) = pl(;:7;:) = EP(FGT;?GT)T isovector (T=1) density (pl =p, - pp)

) T spin

= Ep(r(n;ra T)O, isoscalar spin density
§1(?) = EP(FOT;’_;O' T)GG‘GT Isovector spin densi‘ry
) 0(;.'1 ~ B momeﬂfum
3r(F)=5(V'=V)er(FF),,  current density

) spin-momentum

N TS

J\r =E(V —V) S (l’ l’)r . spin-current tensor density
N = o= e kinetic

T, (r)=V-V PT(’”,”);.=; kinetic density

. kinetic spin density

- kinetic tensor density



The spin-current tensor density is usually replaced by the spin-orbit current:
JT = Egijk(]T)jkEi
ijk

In the relativistic treatment, one has to deal with four-component Dirac spinor
wave functions. Consequently, there are 16 independent bilinear covariants:

Y (r)Ty(r)

This gives the following local densities:

=1 scalar density

I“; =7, vector density

I, = (i /2)(7’qu - YVYM) tensor density

T” =y, pseudoscalar density
F;l = 7.7 axial density

(which have isoscalar and isovector components.) In most applications, only
three densities are required:

Puo(F) = EP(FOT;FO‘ T)()’M)U.O isoscalar vector density

oo't

Pﬂl(?) = EP(FU'L';?G'T)(VM)G.OT isovector vector density

oo't

Po(F) = EP(?UT;?’U' T) isoscalar scalar density

oo't

The sums run over four spinor components. Usually, states from the Dirac
sea are neglected (no-sea approximation).



Justification of the Skyrme functional

For simplicity, consider non-local, but velocity-independent interaction
(and let us disregard for a moment spin and isospin degrees of freedom):

I
V(r NN )
The corresponding HF interaction energy contains both direct term and
exchange tferm:

—fd3 d3r2’d3rd3r2V( rzr,r rz)x

lp(ﬁ’ﬁl)p(?zjzl) - p(?z’?l,)p(?p?zl)]
Let us now consider a local gauge transformation of the HF wave function:
A
- exp{iz ¢(?j)}“l’
where ¢ is a real function. The cor'i:sponding density matrix reads:
p(77) = exp{i[#(7) - o7 )]} o(7.7)

In general, the interaction energy is not invariant with respect to such
transformation. However, it is invariant for local interactions:

= ! — =/ — ! —_
V(r N rz) = 5(1/1 — 7 )6(r2 — 1, )V(rl,rz)
Indeed:
1 -
E = 5fcl?’r1d3r2V(r1,r2)><

[0(7)o(7) - p(7.7)p(7.15)] = E},

see J. Dobaczewski and J. Dudek, Phys. Rev. €52, 1827 (1995)




The local densities transform as follows:

p'=p

. . \2
t’=r+2j-V¢+p(V¢)
s'=3

j'=j+pVo

-

. - - - 2
T'=T+JV$+5(Vo)
J'=J+V$ s

Now it is easy to check that the following combinations of local densities are
gauge invariant:
.2
PrTr = Jr
Sp TT - sz

—_ -

pTV-JT+§T°(§ij)

The transformation relations for j and T make it possible to interpret ¢ in
terms of a velocity field:

B - - Gauge
V= —V¢ (V XV = 0) <:: transformation

m is irrotational

The Galilean invariance is a special case of the local gauge invariance:

J constant linear
. momentum of the
¢(;7) _pr boost transformation
h

Here, the potential energy is invariant while the kinetic energy acquires a tferm

=2

p Translational energy
AE kin — » A <:: of the boosted system
m )4




Invariance under local gauge transformations suggests that the functional
can be written as:

H,(F)=Crp; + Crsy + Cpf pAp, + Cp°s,As,

+C;(pTrT —j;)+ CTT(ET . TT —sz)+ CTVJ[Prﬁ-JT + ET . (6 X}T)

2

Etot =f h—TO +7{0(?)+j{1(?) d’r <::Tofalgr'ound-

m state HF energy

Another motivation... Let us consider a local two-body interaction V(7 -r")
The HF interaction energy is:

1 - -/ - -/ - = -
E = Efd3rd3r'V(r -7 [p(r)p(r ) - p(7,7")p(F ,r)]

In practice, the density matrix is strongly peaked around r=r' (cf. TF

expression!). Therefore, one can expand it around the mid-point:

o~y IR NN IR | - -
olF.7) = @) 7(a) + L[ (d) - ZAap(q)}, =

r+r . . _,
,S=F—T
2

- 0@) -+ [pla)e@)-7(@) - L @ sota)

The corresponding local exchange energy-density functional is:
1 = 1
E, = gf[Vopz + Vz(pr =J - ZpAp)]cfr

V,= [d’sV(5)s"

The direct tferm is already written in terms of the local density. Still, for
symmetry, it can be expanded around q, and the result is:

Ly = %f[vopz + %Vszp}d3r



The actual two-body effective interaction is the T matrix in the nuclear
medium. In principle, it can be determined from microscopic BHF calculations.
The matrix is density-dependent and nonlocal. The potential energy becomes:

—fd3 d3 rd3 d3yp<xx)(f()_é)_(;,5;5;)p(j;’5;’)

The Skyrme functional was justified in such a way in, e.g.,
‘Negele and Vautherin, Phys. Rev. €5, 1472 (1972); Phys. Rev. €11, 1031 (1975)
Campi and Bouyssy, Phys. Lett. 73B, 263 (1978)

However, the parameters derived in such a way do not reproduce the nuclear
bulk properties precisely enough. Hence, the density matrix expansion should
be used as a guiding principle, but the ectual parameters should be adjusted
phenomenologically.

Many insights can also be obtained from the effective field theory, see
Puglia, Bhattacharyya, Furnstahl, Nucl.Phys. A723, 145 (2003)

One can relate the Skyrme functional o the zero-range momentum-dependent
two-body force (Skyrme 1956, 1959)

AN N -
Valh2)=nfl+ 0, 3G e e e
1 n
2t (14 xP [k+25 + (7 kz] up to second order
2 1( : ) ( 12) ( 12) ” in derivatives (finite
1 A N range = momentum
+ Etz(l + X0 )[k o(7 )k ] ) dependence!)
+ iWo(51 + 52). k* x 5(;;2)12 two-body spin-orbit
1 A No=\ o LT density dependent
+ g t (1 + x,P, )6(1’12)0 > ) term (3-body, ...)
~ 1 1



For N=Z even-even nuclei (and a=1), one gets:

2
H(F) = ;—mr+§top + 16 0 + 16(3t1+5t2)pr

—

1 - 3 - = 1 2
= on -50,)(Vp) = WopVT + (1= 1)]

The binding energy per particle in the infinite homogenous symmetric nuclear
matter is

E, # 371 3 1 3 ) 2
+—t,0+— + 3t, + 51, ) ok, =
A p 52m 3P 16 P 80( 1+ 30)0krs 37

o),
dp\ A o

K = kza(E)
dki\ A

However,the Skyrme functional does not have to be

related to an effective two-body force!
Actually, many currently used nuclear energy functionals are not
related to a force.

k;

=0 the saturation property

the incompressibility coefficient

P=Po

OFE
hSk[ ,0(7)] = ﬁgf;) contains the ‘rearrangement’ terms



Construction of the functional

E. Perlinska, S.6.Rohozinski, J. Dobaczewski, and W. Nazarewicz
Phys. Rev. C 69, 014316 (2004)

Density distributions of matter, spin, and current cand be used as fields defining new degrees of
freedom that describe the nucleus a a composite particle.

g p-h density p-p density

H(’PJ——TD o+ ) (xalr) + Xe(r))

t=0,1
Most general, second order expansion in densities and their derivatives

The coupling terms depend on density (=higher-order contact terms which represent
high-energy phenomena that are not explicitely important in the nuclear scale)

xo(r) = CEp? +C5°poApy + CFpory + CO T2 + Cﬂjg + OB+ Oy poV - Ty

b8t O8csg - Asg+ Ol sy Ty + Cl42 + €Y s - {ij@ﬁf%?- 2+ CFs Fy,
xi(r) = Ofp? —I—C PloAp+ClpoT + O DJZ—I—CIIJQ—I—C 2J +YGov T

b 5824 OPF oAS+ TS o T+ 72+ VI8 0 (Vx D+ OV(V - 82+ CF5. 0 F,
Xo(r) = C§lso]* + Co*R(85 - Aso) + Cg R(8g - Th)

+ lé'jL-’"iin:JF + &"?ia?[gﬂ* (V% go) + Cy 5|V - 802 + CER(55 - Fo),
Xa(r) = CflaP + CRPR(5" 0 Ap) + CTR(p" o 7)

b GO 4 GPYTR 4 CP2IR 4+ CYIR(FT 0 v - ).
Not all terms are equally important! Some probe specific observables!

) ~ Example: pairing mean field
ho(r;s',s) = Xg- a‘ss+2{‘? Igass+fga“-v} V.- [Cy-64. V-V -Dybo. V.

= =

h(r:s,s) = Ur)ows+ :{V - [Br) 60.] + [B(r) - 62.] V] = V- M5,V



Nuclear DFT, Local Density Approximation (2)

E. Perlinska, S.6.Rohozinski, J. Dobaczewski, and W. Nazarewicz
Phys. Rev. C 69, 014316 (2004)

Symmetries!

TABLE IV: Properties of the local p-h and p-p densities in
general case (no conserved symmetries imposed), and in case
of the time-reversal, proton-neutron. or both symmetries con-
served. The k=0,1.2, or 3 isospin components of densities are
complex (), real (R), imaginary (1), or zero (0). as indicated
in the Table.

reneral time-rev. prot.-nent. both
kK |0 1 2 3/[0 1 2 3[0 1 2 3[0 1 2 3
m| R R RRIR R O RIR OO0 R|R 0 0 R
| R RRRRRUORRODO R|R O0O0R
JhW/|R R R RIR R 0 RIR 0 0 R|R 0 0 R
skl R R R Rlo 0o R o|R 0O 0O R|O 0 0 0
To| R R R R|l0o 0 R o|R O 0 R|O 0 0 0
jel R R R R0 0 R O/RODO R|O 00 0
Fil R R R R0 0ORORODO R|O OO0 D
gkl 0 C C Cl0ORT RlOCC 0]0RTO
#|10 C C Clo R T ROCCO|0RTID
J./occcloRITROCCO|0RTIOD
sg|C 00 O0O/1T 00 O000DO0CO0O[0O0O0O0
Tw|C 0 0 0/T 0 0 0[O0 0 0 0[O0 00 0
jklC 0o 0o olT 00 0l0 OO 0]0 00O
FelC o 0o o0o/1T 0o o0 o0/000 0|l0 000




Relativistic mean field functionals

* The depth of the mean-field potential (~50 MeV) is the result of the
cancellation between a long-range attractive scalar field and a short-
range repulsive vector field

* The strong spin-orbit interaction emerges naturally

* Saturation properties of nuclear matter are explained

* The many-body state is a product wave function built on four-component
Dirac spinors.

* The motion of the nucleons is governed by the Dirac equation

« Zero-range forces (point coupling models) and finite-range interactions
are used

“In point-coupling approaches, single-particle potentials are
functions of relativistic densities

“In finite-range models, the effective interaction is introduced
through Klein-Gordon equations for the meson fields, which are
coupled to the Dirac equation for the nucleons. Nucleon densities
act as source terms in the KG equations, and mesonic fields enter
the Dirac equations.

Serot and Walecka, Adv. Nucl. Phys. 16, 1 (1986); Ring, Prog. Part. Nucl.
Phys. 37, 193 (1996).

The basic mesons of the RMF:

* o-field, J*=0*, T=0; medium-range attraction

» w-field, J*=1-, T=0; short-range repulsion

o p-field, J7=1-, T=1; responsible for the isospin channel

The pion is absent; it has J*=0-, T=1, hence it cannot contribute on the
Hartree level (the associate fields violate parity and time reversal)



Nuclear matter properties...
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EOS and effective forces
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two-neutron separation energies
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Shell structure in normal, superheavy, and hyperheavy nuclei
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Shell structure in normal, superheavy,
and hyperheavy nuclei

[H

[H

[H

— LRI

[+

60 SkP ‘

60 SkI3

7 IoquunN U001 J

60 | NL3

50

40 50 60 70 80 90 100 11@0 40 50 60 70 80 90 100 110
Neutron Number N

30

[T

[T

[T

‘ SLy6

SkI4 |

NL-Z2 |

[T

[T

[T

SkI3

130

120

110 \‘\HH‘H

=]
~t
—

<
o0
—

110 NH‘H} |

7 IOqUINN U001 ]

140 | NL3 |

130

120

110 \‘\HH‘H

300

140 160 180 200 220 240 260 280

140 160 180 200 220 240 260 280 300

Neutron Number N
M.Bender, W .Nazarewicz, and P.-G.Reinhard, Phys. Lett. B515, 42 (2001)



0.12}
'« 0.08!
E I
e I
~  0.06}
0.04}
0.02}
0.00|

)

Py (®)

HFB: Nuclear density

NN

Gogny-D1S 1

Phys. Rev. €53, 2809 (1996)

2 4 6 8 10



HFB: Pairing density
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Phys. Rev. €53, 2809 (1996)
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Lalazissis et al., Phys. Lett. B 418, 7 (1998)
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Poschl et al., RHFB in coordinate space
Phys. Rev. Lett. 79, 3841 (1997)
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New shell model
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Qu(MeV)

S. Cwiok, P.H. Heenen, W. Nazarewicz
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J. Dobaczewski, W. Nazarewicz, and T. Werner
Z. Phys. A 354, 27 (1996)

10} (—e— iraesee
—&— HF+BCS

HFB+SkP |-

t

20 30 40 50 60 70
Neutron Number




42 N=20 3.9

3.9

neutrons

3.6

33

20 30 40
7\\\\‘\\\\‘\\\\‘\\\\‘\ \\7 [ ]
4.6 4k - 41
13- -4k - 3.8
108 e 4k - 35
F— R 1 ]
8 377 4 F -32
) [ \ \ \ \ 1 \ \ \ \ \ ]
H I I I I I I I I I I | | | | |
~ 30 40 50 60 14 18 22 26 30
\ T T T T T T L
H 7\\\\‘\\\\‘ ‘ ‘ ] | ‘ ‘ ‘ ‘ j
S L 4 L 4
N 55 4k — a7
iy : i N=50 -
~  s2- 4k 2222 44
49~ -4 ) - 41
46 4 F - 3.8
7‘—\\‘\\\\‘\\\\‘\\\\‘\\\\7 | | ‘ | | ‘ | | ‘ | | ‘ | i
60 80 100 120 26 32 38 44
7\\\\‘\\\\‘\\\\‘\\\\‘\\\\7 7\\\\‘\\\\‘\\\\‘\\\\‘\\\\7
- - - 5.4
- - 5.1
- - - 48
. - - 45
Lev v v b v b e b TR RN ARV BRI R

110 130 150 170 40 50 60 70
Neutron Number Proton Number



o
-
(=]

Density (nucleons/ fm3)

Neutron & proton density distributions

0.08 |-
0.06 |
0.04 -

0.02 -

0.00

Radius (fm)

= =

Volume (bulk) effect

5 10 15 20 25
Radius (fm)

= =

Binding-energy effect




S. Cwiok, P.H. Heenen, W. Nazarewicz
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Helm model

R.H. Helm, Phys. Rev. 104, 1466 (1956)

How to characterize nucleonic density?

f d3r 2 p(r)
f d’r p(r)

= f etdr 0 (I‘) d3r éorm factor

F(q) = f j[-](q?“’)p(?“)?jd?“ @herical shape

In the Helm model, nucleonic density is approximated by a convolution of
a sharp-surface density with radius R, with the Gaussian profile:

pI(r) = [d fa(r —1')pe®(Ry — [r'])
s B e

diffraction radius

| 2
fa (?“) = (%)iﬁgge 252 Qrface thickness

3N
)0(] - 4ﬂ.R?j




Helm model (cont.)

o242

F(q) = mooJ1(gRo)e”

The first zero of FH(q) is uniquely related to the radius parameter R,

Ry = 4-49341/‘11 <irst zero of F(q)

2 0 3R 71 (qm Ro)
o4 = In
Q’f_?n Rogm F(gm)

4

first maximum of F(q)

Risk = /2 (B3 +50?)

[
Rgec-m — \/%ers

5Rhalcr = Rgec:m T RHCII‘H
Rgﬂom (p) ~ RHelm (p)

5R5ki]:1 — RHelm (?1) _ RHDIIH (p)
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S. Mizutori et al., Phys. Rev. C61, 044326 (2000)
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S. Mizutori et al., Phys. Rev. C 61, 044326 (2000)
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Proton Number Z

Proton Number Z

Neutron Halo

100+

o)
o

S. Mizutori et al., Phys. Rev. C61, 044326 (2000)
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Generator Coordinate Method (GCM)

In molecules W(0,x) = E(I)n(Q’x)Xn(Q)
In atomic nuclei W(x) = Efqu’n(Q,X)fn(Q)
0={0} (i=12...F) - generator coordinates
£.(0) - weight functions
® (0,x) - intrinsic (e.g. HFB) wave functions
5 <\P|H|\IJ> -0 Variational principle leads to
(W|w) the Hill-Wheeler equation

[ a0 (@(Q)A[@(2))£(2) - E [ 40 (®(Q)(0)) f(0)

H(0.0) N7(Q.0)
Hamiltonian kernel Norm kernel

Hf = ENF

Diagonalization of the Hamiltonian in the nonorthogonal "basis” of the
generator states. The norm kernel cannot be inverted since it has zero
eigenvalues!




Symmetric orthogonalization

J 40 7 (0.0)u,(Q) = nu,(Q)

- Since Nis a norm, its eigenvalues are non-negative (n,z0)
- The functions u, form a complete set in the space of weight functions

f(Q)
Y u Q) (Q)=8(Q-0); [ dQu(Q)u,(Q) = b,

k

N =N Iy N (0,01 = Euk nu,(Q)
WI/Z}[WJ/Zg _ Eg, g = W-J/zf

* Again, we have to deal with zero eigenvalue states
* Fortunately, the corresponding states lead to GCM states f, with zero

| = [dQdQ f,( QN (0.0)f,(Q)=0

- Consequently, we can restrict ourselves to states with n 0.

Let us introduce the basis of natural states:

=ﬁfuk<g>\¢

* Those states are orthogonal
* They span a sub Hilbert space called “collective” subspace (the smallest
Hilbert space containing all the generating states

= k)] un:> ;<k‘ﬁ‘k'>gk'=Egk

k,n, =0



‘IP> - Egk‘k> GCM eigenstates

f(O) = E % g.u,(Q) weight functions

k,n, =0

g(0) = Egkuk(Q) collective vawe functions

k,n,=0

[le@fdo= S =1 bu [lf@fdo=3 e[ =1

% Microscopic

% Based on variational principle

& Allows for a coupling between intrinsic states

& Dynamics determined by the choice of Q's

& A useful point for further approximations
(e.g., GOA, CSE, etc.)

& Transformation to the lab system still
necessary, unless the Euler (or gauge) angles
are taken as collective coordinates



An example: projected GCM+HF+BCS
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The Gaussian Overlap Approximation

q=Q;Q,S=Q_Q
N s s —%y(q)sz
W(Q,Q)—W(q+2,q 2) e

For small values of s, one obtains:

@) == ((alP*la) - (alPla)’)

= lh— Collective momentum operator
oq

If the fluctuation in collective momentum is large, one ends up with
the Gaussian shape (Well justified for heavy systems.)

h2 J |
CO” \/7 é’q dq " V(Q) ﬁ:‘lrl:;:;\:‘eian
M (Q) Collective mass (collective inertia)
V(Q) = <Q‘ﬁ‘Q> — €0 (Q) Collective potential

8zpe (q ) Zero-point energy



An example: GOA+HF(B) Gogny calculations

(a)

?0- J. Libert, M. Girod, and J.-P. Delaroche
s 5 ; Phys. Rev. C 60 , 054301 (1999)
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Random Phase Approximation

Small harmonic oscillations about the stationary mean-field ground state
Not based on a variational principle

Hlv)=E,[v)
v) and Q,]0)=
L [ae]
A) Tamm-Dancoff approximation

The TD phonon
‘0 ‘HF Q E Cpha a, <: is a p-h operator

[a;am,[H,a;aj]]‘HF>CZj - EP'C.

v)=0;

O> - (Ev - EO)Q; >

P

n

B) Random Phase approximation

0) = |RPA), Q: EXpha a,- Y Yiara, O,|RPA)=0

h
RPA ground state conTams corr'elahonspbeyond HF
Usually, one assumes that the RPA state does not differ much from

the HF state, at least when commutators are computed ("quasi-boson
approximation”)

RPA) = hQ, (RPA| a}a,.0; |

[410,0; ]

<RPA‘:ai+an,[PAI,QV+ ]]
(RPA[a}a,[A1.0;]]

RPA) =1Q,(RPA




(; f*) )Y(V = hQV ((1) _01) )Y(V <:: RPA equations
A =(HF | a}a, [A.a\a)||HF) = (¢, ~£)0,,0, + 7,
B, = <HF‘-ai+am,[I—AI,a;an ]‘HF> =V i

DX -1y =6,

ph

Random Phase Approximation and symmetry breaking

some ph matrix

[ p(o),f’] =0, where p' is the HF density ¢ elements of P do

not vanish!

Vi ,}A’] =0, where P is a one - body symmetry generator

\

this implies that P is an exact but
spurious solution of the RPA equation

¢ s

If calculations are carried out precisely, and the self-consistency is
maintained, the spurious solutions separate out. They are orthogonal to
other excitations, they lie at zero excitation energy, and they carry
spurious strength.




Another way of deriving the RPA equations: the linear
response theory

Here, the starting point is TDHF. We investigate the influence of an external,
time-dependent field:

F(f)=Fe ™ + F*e'™, F(t)= E f,(Data,
kl

F is a one-body operator; the field is weak

ihp = [h(P) + f(t),P] <H‘ TDHF equation

/O2 =0  we are dealing with a time-dependent Slater determinant

D+ iot

o) = p + 8p(r), dp(r) = pVe ™ + p!*e

{( A* B*) - ha)(l 0 )}(p(l)ph) _ _(fph)
B A 0 [\ o)™\ g

oh .
Animj = (8n - gi)amnéij + é’pm
mj
&hni
nimj = ap
jm
~ oh,, JO°E Also valid for density-
Viosar = 5 = <t depend
psqr ependent forces and
alors p pqap s density functionals!

A nice connection with the HF theory: the average nuclear potential oscillates
around the stationary value. In the limit of small external force, we obtain the
normal modes of the system. Hence RPA is the small amplitude limit of the

TDHF!

Inclusion of pairing: Q(uasiparticle)RPA
Inclusion of continuum: C(ontinuum)RPA



RPA calculations: examples

P> CRPA+HF+SLT™ ™ |
_______ F;
S. Shlomo ,A.L. Sanzhur =
Phys.Rev. C65, 044310 (2002) & |
& f ISGDR
Agrawal, Shlomo , Sanzhur L 56D
Phys.Rev. C67,034314 (2003) ~ | ,5
3 ]
10 20 30 40 &
E (MeV)
QRPA+HFB+SkO'
B ORPAYSKOY, Ve || beta decay
S 1 b
f‘ ]'Explk. Qb (GT)
10' 1F it
i_ 10° ¢ 1F if
[_'
10! 1F it
107 1F 1E
_ ~50 | N-82 11
107 | T | |

38 40 42 44 46 48 o0 62

Charge Number Z

Engel et al. Phys.Rev. €60, 014302 (1999)

64 66 68 70
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